
M
u
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c
u
sin
g
a
n
d
S
u
sta
in
e
d
D
issip
a
tio
n
in
th
e

D
issip
a
tiv
e
N
o
n
lin
e
a
r
S
c
h
r�o
d
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g
e
r
E
q
u
a
tio
n �

B
ren
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leM
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D
ep
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t
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M
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C
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C
h
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C
h
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,
S
C
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e
m
a
i
l
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l
e
m
e
s
u
r
i
e
r
@
m
a
t
h
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c
o
f
c
.
e
d
u

h
t
t
p
:
/
/
m
a
t
h
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c
o
f
c
.
e
d
u
/
f
a
c
u
l
t
y
/
l
e
m
e
s
u
r
i
e
r
/

�

T
o
a
p
p
ear
in
T
h
e
J
o
u
rn
a
l
o
f
M
a
th
em
a
tics
a
n
d
C
o
m
p
u
ters
in
S
im
u
la
tio
n
.



A
b
stra
c
t

T
h
e
p
ossib
ility
of
p
h
ysically
relevan
t
sin
gu
lar
so
lu
tion
s
of
th
e
n
on
lin
ear

S
ch
r�od
in
ger
eq
u
ation

w
ith

su
stain
ed

d
issip
ation

in
to

th
e
sin
gu
larity
is

co
n
sid
ered
th
rou
gh
n
u
m
erical
stu
d
y
of
a
n
on
lin
ear
d
issip
ative
regu
larisation

an
d
its
sm
all
d
issip
ation
lim
it.
A
n
ew
form

of
su
ch
d
issip
ative
solu
tion
s
is

co
n
jectu
red
for
certain
p
aram
eter
ran
ges
w
h
ere
th
is
b
eh
aviou
r
w
as
previou
sly

n
o
t
exp
ected
,
in
clu
d
in
g
th
e
tw
o-d
im
en
sin
alcase
of
laser
self-fo
cu
sin
g,
in
volvin
g

a
m
u
lti-fo
cu
sin
g
m
ech
an
ism
.
T
h
e
sp
ace
an
d
tim
e
stru
ctu
re
of
su
ch
solu
tion
s
for

very
sm
all
valu
es
of
th
e
n
on
lin
ear
d
issip
ation
p
aram
eter
is
stu
d
ied
n
u
m
erically

an
d
co
m
p
ared
to
a
con
jectu
red
m
ech
an
ism
related
to
a
n
ew
fam
ily
of
station
ary

sin
g
u
lar
solu
tion
s
of
th
e
N
L
S
E
.

1



1

B
a
c
k
g
ro
u
n
d

T
h
e
N
o
n
lin
ear
S
ch
r�od
in
ger
E
q
u
ation
(N
L
S
E
)

@
 @

t
(t;x
)
=
i�
 
(t;x
)
+
ij 
(t;x
)j 2
�
 
(t;x
);
t�
0;
x2
R
D

(1)

is
a
g
en
eric
m
o
d
el
for
th
e
slow
ly
varyin
g
en
velop
e
of
a
w
ave-train
in
con
servative,

d
isp
ersive,
m
ild
ly
n
on
lin
ear
w
ave
p
h
en
om
en
a.

P
h
ysical
ap
p
lication
s
in
clu
d
e
th
e

co
llap
se
o
f
variou
s
w
ave-m
o
d
es
in
p
lasm
as
w
h
ere
D
=
3
as
w
ell
as
laser
self-fo
cu
sin
g

w
h
ere
D
=
2
.

T
h
is
w
a
ve
co
lla
p
se
(or
self-fo
cu
sin
g
)
is
m
an
ifested
in
solu
tion
s
of
th
e
N
L
S
E
by
th
e

d
evelo
p
m
en
t
of
large
grad
ien
ts
in
sm
all
region
s
an
d
in
so
m
e
cases,
sin
gu
larities
in

�
n
ite
tim
e.

A
ll
th
e
m
ain
p
h
ysical
exam
p
les
h
ave
th
e
cu
b
ic
n
on
lin
earity
so
m
ost
referen
ces
w
ill

b
e
to
th
e
C
u
b
ic
S
ch
r�o
d
in
g
er
E
q
u
a
tio
n
(C
S
E
)

@
 @

t
(t;x
)
=
i�
 
(t;x
)
+
ij 
(t;x
)j 2 
(t;x
)

(2)

w
ith
g
en
eralization
s
to
oth
er
�
given
in
brackets
[like
th
is].
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2

S
in
g
u
la
r
S
o
lu
tio
n
s
a
n
d
D
issip
a
tiv
e
R
e
g
u
la
riz
a
tio
n

F
or
D
�
2
[�
D
�
2],
it
is
p
ossib
le
for
solu
tion
s
to
d
evelop
sin
gu
larities
at
som
e

�
n
ite
tim
e
t
0 ,
as
sh
ow
n
by
V
lasov,
P
etritsh
ev
an
d
T
alan
ov
[?
]
an
d
G
lassey
[?
].

T
h
e
few
kn
ow
n
exp
licit
sin
gu
lar
solu
tion
s
an
d
n
u
m
erical
solu
tion
s
stron
gly
su
ggest

th
at
g
en
erically,
th
is
takes
th
e
form
of
a
sin
gle
p
oin
t
fo
cu
sin
g
sin
g
u
larity.

P
h
ysically
su
ch

sin
gu
larities
w
ill
b
e
preven
ted

by
th
e
regu
larizin
g

e�
ect
of

m
ech
an
ism
s
ign
ored
in
th
e
ab
ove
eq
u
ation
,
an
d
on
e
im
p
ortan
t
case
is
n
on
lin
ear

d
issip
atio
n
th
rou
gh
m
u
lti-p
h
o
to
n
a
b
so
rp
tio
n
m
o
d
elled
w
ith
d
issip
ation
co
eÆ
cien
t

�
I
�

d
ep
en
d
en
t
on
th
e
in
ten
sity
I
=
j j 2,
w
ith
�
d
ep
en
d
in
g
o
n
th
e
n
u
m
b
er
of

p
h
o
to
n
s
in
volved
in
th
e
in
teraction
:
th
is
gives
th
e
D
issip
a
tive
N
o
n
lin
ear
S
ch
r�o
d
in
g
er

E
q
u
a
tio
n
(D
N
L
S
E
)

@
 @

t
=
i�
 
+
ij j 2
�
 
�
�j j 2
�
 
:

(3)

T
h
e
typ
ical
p
h
ysical
case
is
�
=
3
b
u
t
th
e
d
etails
of
th
e
d
issip
ation
are
n
ot
clear,

an
d
so
o
n
e
h
op
es
for
resu
lts
th
at
are
som
ew
h
at
in
d
ep
en
d
en
t
o
f
th
e
d
etails
of
th
e

d
issip
ative
term
.
T
h
u
s
for
th
e
m
ost
p
art,
th
e
rem
ain
in
g
d
iscu
ssion
fu
rth
er
sp
ecializes

to
�
=
1;�
=
3
,
w
ith
gen
eralization
s
follow
in
g
in
brackets.
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C
o
lla
p
se
T
y
p
e
s

If
d
issip
atio
n
arrests
fo
cu
sin
g
an
d
lead
s
to
d
efo
cu
sin
g,
scalin
g
argu
m
en
ts
su
ggest

th
at
th
is
w
ill
h
ap
p
en
w
h
en
th
e
fo
cu
sin
g
an
d
d
issip
ation
term
s
are
in
b
alan
ce
w
h
ich

o
ccu
rs
for
I�
1= p
�
at
w
h
ich
p
oin
t
th
e
tim
e
scale
of
th
e
evolu
tion
is
1=I
;�
�
1
=
2

an
d
th
e
ap
proxim
ate
len
gth
scale
is
1
= p
I
;�
�
1
=
4.

T
h
u
s
o
n
e
exp
ects
d
issip
ation
to
o
ccu
r
prin
cip
ally
in
a
d
issip
a
tive
co
re
w
h
ere
r
/
�
1
=
4

at
a
rate
p
er
u
n
it
volu
m
e
of
�
I
4�
1=�
su
ggestin
g
th
at
th
e
total
loss
of
p
o
w
er,

N
=
k
 k
22 ,
w
ill
scale
like

ÆN
�
�
(D
�

2
)=
4

T
h
is
allow
s
for
a
n
on
-zero
lim
itin
g
d
issip
ation
on
ly
in
th
e
case
D
=
2,
con
sisten
t

w
ith
arg
u
m
en
ts
b
ased
on
solu
tion
s
in
th
e
n
on
-d
issip
ative
case
w
h
ich
su
ggest
th
at
a

�
xed
q
u
an
tu
m
of
p
ow
er
w
ou
ld
b
e
d
issip
ated
in
su
ch
an
even
t:
th
is
scen
ario
h
as
b
een

called
stro
n
g
co
lla
p
se,
w
h
ile
th
e
exp
ected
ab
sen
ce
of
lim
itin
g
d
issip
ation
is
called

w
ea
k
co
lla
p
se.

H
ow
ever,
if
station
ary
sin
gu
lar
solu
tion
s
of
th
e
N
L
S
E
exist
w
ith
d
issip
ation
in
to
a

p
o
in
t
sin
g
u
larity,
it
is
p
ossib
le
th
at
fo
cu
sin
g
solu
tion
s
w
ou
ld
p
ersist
n
ear
th
ese
rath
er

th
an
rap
id
ly
d
efo
cu
sin
g,
givin
g
in
creased
total
d
issip
atio
n
at
a
rate
O
(�
(D
�

4
)=
4):

th
is
co
llap
se
scen
ario
h
as
b
een
called
su
p
er-stro
n
g
,
or
d
istrib
u
ted
.

4



4

S
ta
tio
n
a
ry
S
in
g
u
la
r
S
o
lu
tio
n
s
o
f
th
e
N
L
S
E

S
tatio
n
ary
S
olu
tion
s
of
(N
L
S
E
)
sin
gu
larity
w
ere
fou
n
d
by
M
alkin
[?
]
an
d
Z
akh
arov,

K
o
sm
ato
v
an
d
S
h
vets
[?
]
for
3
<
D
�
4
[1=�
+
2
<
D
�
2=�
+
2].

In
th
e
extrem
al
case
D
=
4
[D

=
2
=�
+
2,
e.g.
D
=
3,�
=
2]
th
ere
are
exact

exp
licit
so
lu
tion
s

 
(r)
=
B
ex
p
�i

log
r p
B
2�
1 �

r

(4)

w
h
ere
r
=
k
xk,
B
>
1.
B
oth
th
e
am
p
litu
d
e
an
d
p
h
ase
are
as
for
th
e
large
r
b
eh
aviou
r

o
f
th
e
self-sim
ilar
b
low
-u
p
solu
tion
s
of
th
e
C
S
E
as
d
escrib
ed
by
L
eM
esu
rier
et
al.
[1]

for
D
>
2,
m
akin
g
it
feasib
le
for
fo
cu
sin
g
solu
tion
s
to
get
close
to
th
ese
sin
gu
lar

o
n
es.
T
h
e
p
aram
eter
B
is
related
to
a
p
ow
er


u
x
in
to
th
e
sin
gu
larity
of

P
d
e
f

=

lim
r
!

0 j j 2r
D
�

1
dd

r
arg
 
=
B
2 p
B
2�
1:

(5)

N
o
te
th
at
th
is
is
th
e
on
e
case
w
h
ere
th
e
scalin
g
argu
m
en
t
ab
ove
su
ggests
a
total

d
issip
atio
n
rate
th
at
d
o
es
n
ot
scale
as
a
n
egative
p
ow
er
of
�
,
allow
in
g
th
e
p
ossib
ility

th
at
th
e
lim
it
as
�
!
0
of
th
e
d
issip
ation
rate
of
th
e
D
N
L
S
E
m
atch
es
th
e
rate
of
a

sin
g
u
lar
so
lu
tion
of
th
is
kin
d
.

F
or
3
<

D

<

4
solu
tion
s
are
kn
ow
n
on
ly
as
asym
p
to
tic
exp
an
sio
n
s,
still
w
ith

am
p
litu
d
e
O
(1=r)
an
d
th
e
p
ossib
ility
of
a


u
x
in
to
th
e
sin
gu
larity,
b
u
t
for
D
=
3

5



th
e
so
lu
tio
n
form
ch
an
ges
to
on
e
w
ith
am
p
litu
d
e
O
(1=
(r
log
r))
(sligh
tly
slow
er
th
an

th
e
d
ecay
rate
of
self-sim
ilar
fo
cu
sin
g
solu
tion
s
of
th
e
C
S
E
)
an
d
h
as
zero
d
issip
ation

rate.

F
or
2
<
D

<
3
[2=�
<
D

<
1=�
+
2
],
existen
ce
of
an
oth
er
class
of
d
issip
ative

sin
g
u
lar
so
lu
tion
s
w
as
�
rst
ob
served
in
[2],
b
ased
on
existen
ce
resu
lts
of
P
.L
.

L
io
n
s
[?
].
T
h
e
con
stru
ction
starts
w
ith
asym
p
totic
exp
an
sion
s
for
real-valu
ed
(an
d

so
n
o
n
-d
issip
ative)
solu
tion
s,
of
th
e
form

 
(r)
=
Br

�
(1
+
b
1 r
Æ
+
b
2 r
2
Æ
+
���)

(6)

w
ith
�
=
D
�
2,
Æ
=
2(3�
D
)
an
d
B
th
e
sole
free
p
aram
eter:
L
io
n
s
proved
,
for

in
teg
er
d
im
en
sion
s
at
least,
th
e
existen
ce
of
sin
gu
lar
solu
tion
s
m
atch
in
g
th
e
�
rst

tw
o
term
s
of
th
is
form
.

O
n
e
can
g
et
th
en
get
exp
an
sion
s
for
solu
tion
s
 
=
A
e
i�
w
ith
arb
itrary
in
w
ard


u
x

P
by
co
m
b
in
in
g
a
real
solu
tion
of

A
0
0+
D
�
1

r

A
0+
jAj 2A
�
P
2=(r
2
D
�

2A
3)
=
0

w
ith
th
e
p
h
ase
given
by
�
0

=
�
P
r
1
�

D
=A
2:
th
e
extra
term
in
th
e
eq
u
ation
a�
ects

o
n
ly
later
term
s
in
th
e
exp
an
sion
,
an
d
an
y
ob
stru
ction
s
can
b
e
resolved
w
ith

6



stan
d
ard
lo
garith
m
ic
correction
s
th
at
d
o
n
ot
a�
ect
th
e
lead
in
g
ord
er
b
eh
aviou
r.
T
h
e

d
issip
atio
n
term
ad
d
s
p
ow
er
loss
at
th
e
rate
�
R

I
4r
D
�

1d
r
[�
R

I
�
+
1r
D
�

1d
r].

T
h
e
ro
le
o
f
su
ch
solu
tion
s
in
d
escrib
in
g
solu
tion
s
of
th
e
D
N
L
S
E
can
b
e
exp
ected

to
b
e
co
n
�
n
ed
to
a
fo
cu
sin
g
sh
o
u
ld
er
region
w
h
ere
th
e
fo
cu
sin
g
n
on
lin
earity
is

sig
n
i�
can
t
b
u
t
th
e
d
issip
ative
term
is
n
ot
lyin
g
b
etw
een
th
e
d
issip
ative
core
an
d
th
e

o
u
ter
reg
io
n
w
h
ere
in
ten
sity
is
to
o
low
to
cau
se
sign
i�
can
t
fo
cu
sin
g:
1�
I�
1= p
�

an
d
h
en
ce
�
1
=
4�
r�
1.
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N
u
m
e
ric
a
l
M
e
th
o
d
s

T
o
reso
lve
solu
tion
s
w
ell
on
th
e
extrem
ely
�
n
e
sp
atial
scales
th
at
d
evelop
n
ear

th
e
fo
cu
s
w
h
ile
resp
ectin
g
b
ou
n
d
ary
con
d
ition
s,
a
m
o
d
i�
cation
of
earlier
\d
ilation

rescalin
g
"
m
eth
o
d
s[3,
?
,
1,
?
]
is
u
sed
h
ere.
F
or
th
e
rad
ially
sym
m
etric
case,
th
e

sp
atial
variab
le
r2
[0;r
m
a
x ]
is
related
to
a
com
p
u
tation
al
variab
le
�
on
a
�
xed
grid

by

r
=
f
(�
;l(t));
�2
[0;1];

(7)

so
th
e
tran
sform
ed
eq
u
ation
is

 
t
=
i�
 
+
ij j 2
�
 
�
j j 2
�
 
+
 
r r
l lt :

(8)

N
o
te
th
at
all
d
erivatives
of
 
in
clu
d
in
g
th
ose
in
th
e
L
ap
lacian
are
still
w
ith
resp
ect

to
th
e
p
h
ysical
co
ord
in
ate
r,
n
ot
�
.

T
h
e
tran
sform
ation
fu
n
ction
sh
ou
ld
b
e
o
d
d
,
in
creasin
g,
ach
ieve
a
d
esired
scale
len
gth

l
n
ear
th
e
fo
cu
s
by
h
avin
g
f
� (�
;l)j�
=
0
=
l,
an
d
�
x
th
e
ou
ter
b
ou
n
d
ary
by
h
avin
g

f
(1
;l)
=
r
m
a
x .
T
h
e
form
u
sed
h
ere
is

f
(�
;l)
=
lsin
h
(k
(l)�
)

(9)

w
h
ere
k
(l)
is
d
eterm
in
ed
by
th
e
con
d
ition
f
(1;l)
=
r
m
a
x
to
�
x
th
e
ou
ter
b
ou
n
d
ary.8



T
h
e
len
g
th
scale
l(t)
is
b
ased
on
th
e
fu
n
ction
al

l
�( 
(t;:))
=
C

Rj jjr
 j D
r
D
�

1d
r

Rjr
 j D
+
1r
D
�

1d
r
:

(10)

T
h
is
fu
n
ction
al
is
d
esign
ed
to
b
e
con
vergen
t
for
all
relevan
t
valu
ers
of
D

an
d
�

in
th
e
presen
ce
of
th
e
b
eh
aviou
rj j�
r
�

1
=
�

th
at
d
evelo
p
s
as
th
e
sin
gu
larity
is

ap
pro
ach
ed
,
an
d
to
b
e
n
u
m
erically
stab
le
(w
h
ich
sim
p
ler
m
easu
rem
en
ts
at
th
e
origin

o
n
ly
are
n
o
t).

T
o
g
et
stab
le,
m
an
ageab
le
im
p
licit
tim
e
step
p
in
g
sch
em
es,
th
e
evolu
tion
of
l(t)
is

d
eco
u
p
led
from
th
e
m
ain
evolu
tion
eq
u
ation
,
d
eterm
in
in
g
its
valu
es
th
rou
gh
a
tim
e

step
b
efore
th
at
step
is
started
,
u
sin
g

d
l

d
t
=
l
�n �
l
�n

�

1

t
n �
t
n
�

1
+

l
�n �
ln

t
n �
t
n
�

1 ;
on
[t
n
;t
n
+
1 ]

(11)

w
h
ere
l
�n
=
l
�(t

n
)
etc.

T
h
e
tim
e
d
iscretisation
is
d
on
e
by
a
p
artially
im
p
licit
secon
d
ord
er
accu
rate
P
C

m
eth
o
d
so
as
to
to
avoid
solvin
g
n
on
lin
ear
eq
u
ation
s
w
ith
im
p
licit
tim
e
d
i�
eren
cin
g:

th
e
L
ap
lacian
term
is
h
an
d
led
by
th
e
im
p
licit
trap
ezoid
ru
le
sch
em
e
an
d
th
e
oth
er

term
s
by
th
e
tw
o
stages
of
th
e
m
o
d
i�
ed
E
u
ler
m
eth
o
d
.
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A
c
c
u
ra
c
y
C
h
e
c
k
s

T
h
e
N
L
S
E
h
as
several
con
served
q
u
an
tities
th
at
can
b
e
u
sed

to
ch
eck
th
e
accu
racy
of
solu
tion
s,
in
p
articu
lar
th
e
p
ow
er
N

=
k k
22 .
In
th
e

d
issip
ative
case
p
ow
er
is
n
ot
con
served
b
u
t
h
as
a
sim
p
le
evolu
tion
eq
u
ation
:
th
is
can

b
e
in
teg
rated
an
d
th
e
valu
es
ch
ecked
again
st
th
e
actu
al
p
ow
er.
O
th
er
fu
n
ction
als

can
b
e
treated
sim
ilarly
b
u
t
it
is
b
est
to
keep
to
on
es
th
at
d
o
n
ot
in
volve
sp
atial

d
erivatives:
th
u
s
th
e
L
2
(�
+
1
)
n
orm
is
also
ch
ecked
,
an
d
d
ata
are
d
iscard
ed
w
h
en

eith
er
error
exceed
s
an
ap
propriate
toleran
ce.

T
h
is
h
as
w
orked
w
ell
in
practice:
th
e
stage
of
a
ru
n
w
h
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th
is
test
fails
corresp
on
d
s

w
ell
to
th
e
start
of
sign
i�
can
t
d
ivergen
ce
of
th
e
solu
tion
from
resu
lts
of
co
m
p
u
tation
s

w
ith
m
ore
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n
ed
d
iscretisation
s.
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�
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1
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�
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3
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h
e
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by
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e
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n
in
[2]
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d
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er

u
n
p
u
b
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ed
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p
u
tation
s
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�
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q
u
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\
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d
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g"
�
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g
on
es
th
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give
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e
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m
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u
m
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p
litu
d
e
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d
h
en
ce
sim
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ace
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d
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e
scales)
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p
ow
er
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d
o
th
er
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p
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u
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g
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e
u
n
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m
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=
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e
n
u
m
erical
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su
p
p
ortin
g
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e
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\su
p
er-stron
g
collap
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rou
gh
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u
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ary
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h
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b
asic
p
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e
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e
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F
u
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h
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d
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o
n
o
ton
ic
d
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e
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q
u
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p
ow
er
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an
d
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d
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ssed
sh
ortly,
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e
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atial
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re
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�
rm
s
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e
form
�
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th
e
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jectu
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b
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n
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e
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lar
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g
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o
d
i�
ed
in
th
e
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m
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1
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d
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o
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r
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e
�
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is1
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h
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d
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b
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u
x
(see
E
q
n
.
(5))
from
th
e
sh
ou
ld
er
to
th
e
core
an
d
th
en
d
issip
ation
w
ith
in
th
e

latter:
th
is
m
im
ics
th
e
con
jectu
red
lim
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g
case
w
h
ere
th
e
d
issip
ation
o
ccu
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on
ly

at
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e
sin
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u
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t
itself.

T
h
e
p
h
y
sic
a
lly
re
le
v
a
n
t
c
a
se
s
D

=
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=

2

U
n
fortu
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ately
th
e
p
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2
�
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�
3
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m
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p
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F
irstly
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�
d
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th
e
in
itial
fo
cu
s
is

su
stain
ed
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a
d
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g
in
terval
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e
b
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a
d
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cu
sin
g
o
ccu
rs
(F
ig.
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b
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cu
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s
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d
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sh
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n
in
[2]
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d
elsew
h
ere,
th
e
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e
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of
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cu
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g
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d
im
in
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es

w
ith
�
,
raisin
g
th
e
q
u
estion
of
w
h
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th
e
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d
issip
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th
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gh
m
u
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le
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o
ver
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�
xed
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e
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w
h
ere
T
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th
e
sin
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larity
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e
for
�
=
0.
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o
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er
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s,
d
o
es
th
e
lim
it
�
!
0
for
�
xed
�
>
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rem
ain
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p
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er
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n
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�
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ce
stron
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e
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er
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h
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orig
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p
h
ase
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d
u
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g
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h
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u
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b
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b
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b
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ere
pro
d
u
ced
m
ostly

by
fo
cu
sin
g
n
ot
d
issip
ative
e�
ects,
w
ith
som
e
sign
i�
can
t
b
u
t
sm
all
con
trib
u
tion
s

fro
m
w
aves
sen
t
ou
t
from
th
e
d
issip
ative
core
as
fo
cu
sin
g
p
eaks
co
llap
se.
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7

C
o
n
c
lu
sio
n
s

1
.
F
or
D

=
4
(or
D

=
3
w
ith
q
u
in
tic
n
on
lin
earity
�
=
2)
a
q
u
asi-stead
y
state

ap
proxim
atin
g
station
ary
sin
gu
lar
solu
tion
s
of
th
e
N
L
S
E
m
atch
es
d
issip
ation
in
a

sm
all
cen
tral
core
at
a
rate
essen
tially
in
d
ep
en
d
en
t
of
th
e
d
issip
ation
co
eÆ
cien
t

�
,
sig
g
estin
g
a
n
atu
ral
d
issip
ative
sin
gu
lar
solu
tion
in
th
e
lim
it
�
!
0.
A
s
�

d
im
in
ish
es,
th
e
sh
rin
kin
g
core
in
w
h
ich
d
issip
ation
is
sig
n
i�
can
t
con
tain
s
an
ever

d
ecreasin
g
fraction
of
th
e
total
p
ow
er,
so
th
at
th
e
m
ech
an
ism

d
ivid
es
clean
ly

in
to
an
in
w
ard


u
x
in
a
sh
ou
ld
er
w
h
ere
fo
cu
sin
g
b
u
t
n
ot
d
issip
ation
o
ccu
rs,
an
d

d
issip
ation
on
ly
in
th
e
core;
m
im
icin
g
th
e
b
eh
aviou
r
of
th
e
tim
e
in
d
ep
en
d
en
t

sin
g
u
lar
d
issip
ative
solu
tion
s
of
th
e
N
L
S
E
.

2
.
F
or
th
e
p
lasm
a
p
h
ysics
case
D
=
3
th
e
exact
station
ary
sin
gu
lar
form
is
on
th
e

th
resh
o
ld
b
etw
een
d
i�
eren
t
form
s,
th
e
exp
ected
d
issip
ation
rate
in
th
e
d
issip
ative

core
g
o
es
to
in
�
n
ity
as
�
!
0,
an
d
th
e
q
u
asi-statio
n
ary
state
collap
ses
after
a

sh
ort
tim
e
in
terval.
H
ow
ever,
as
b
efore,
th
e
p
ow
er
is
m
ostly
in
th
e
n
on
d
issip
ative

fo
cu
sin
g
sh
ou
ld
er
an
d
th
ere,
th
e
log
r
p
h
ase
stru
ctu
re
d
evelop
ed
d
u
rin
g
th
e
in
itial

n
o
n
-d
issip
ative
fo
cu
sin
g
p
erio
d
an
d
presen
t
in
th
e
station
ary
sin
gu
lar
solu
tion
s

p
ersists,
at
least
as
a
rap
id
d
rop
-o�
of
p
h
ase
w
h
ich
su
p
p
orts
th
e
q
u
ick
reb
u
ild
in
g

o
f
th
e
p
h
ase
grad
ien
t
th
at
in
tu
rn
pro
d
u
ces
th
e
in
w
ard
fo
cu
sin
g


u
x.

T
h
is

h
as
o
n
ly
b
een
stu
d
ied
in
d
etail
for
a
cou
p
le
of
fo
cu
sin
g
even
ts,
b
u
t
evid
en
ce

fro
m
lo
n
ger
tim
e
com
p
u
tation
s
su
ggests
th
at
th
is
m
u
ltifo
cu
sin
g
can
com
b
in
e
to2
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pro
d
u
ce
total
d
issip
ation
rou
gh
ly
in
d
ep
en
d
en
t
of
�
an
d
w
ith
overall
tim
e
scale

also
essen
tially
in
d
ep
en
d
en
t,
so
th
at
a
w
ell
d
e�
n
ed
d
issip
ative
lim
it
as
�
!
0
is

still
p
lau
sab
le.

3
.
F
or
th
e
laser
self-fo
cu
sin
g
case
D
=
2
th
ere
is
n
o
exact
station
ary
sin
gu
lar
form

an
d
th
e
exp
ected
asym
p
totic
form
of
sin
gu
lar
solu
tion
s
of
th
e
N
L
S
E
h
as
n
o
p
h
ase

g
rad
ien
t.
H
ow
ever
in
th
e
ap
proach
to
sin
gu
larity,
th
ose
solu
tio
n
s
are
pred
icted

[6]
to
h
ave
p
h
ase
prop
ortion
al
to
log
r
w
ith
a
very
slow
ly
d
ecreasin
g
co
eÆ
cien
t.

In
th
e
D
N
L
S
E
,
th
is
p
h
ase
stru
ctu
re
is
seen
clearly
at
th
e
on
set
o
f
d
issip
ation
,
an
d

is
th
en
preserved
in
th
e
fo
cu
sin
g
sh
ou
ld
er.
T
h
u
s,
d
esp
ite
m
an
y
th
eoretical
an
d

q
u
alitative
d
i�
eren
ces
from
th
e
su
p
ercritical
case
D
>
2,
th
is
p
h
ase
stru
ctu
re
can

d
rive
rep
eated
rap
id
refo
cu
sin
g,
an
d
lon
g
tim
e
calcu
lation
s
su
ggest
th
at
again
,

th
e
resu
lt
in
th
e
lim
it
of
sm
all
�
ap
proxim
ates
a
rou
gh
ly
stead
y
d
issip
ation
rate,

little
d
ep
en
d
en
t
on
�
.
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